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A moving lemma for algebraic cycles with 
modulus and contravariance 

Wataru Kai 


Abstract 

This is the author’s thesis. We prove a moving lemma of algebraic cy¬ 
cles with modulus which implies their contravariance: Bloch-Esnault’s 
additive higher Chow group turns out to be contravariant in smooth 
afHne schemes; Binda-Saito’s higher Chow group with modulus proves 
contravariant in smooth schemes Nisnevich locally. Our moving method 
is based on parallel translation in the afhne space “with modulus” which 
involves a new integer parameter s. 
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1 Introduction 

In recent years, the theory of algebraic cycles with modulus has been an attrac¬ 
tive subject. It concerns the behavior of algebraic cycles at boundaries; more 
precisely the intersection property with a chosen effective Cartier divisor (called 
the modulus). The notion of modulus dates back at least to class field theory. 
Algebro-geometrically this concept probably started in 1952 when Rosenlicht 
[Ros] introduced the divisor class group relative to a modulus (of a complete 
nonsingular curve). 

The current development has been initiated by Bloch and Esnault |BEj who 
introduced the additive higher Chow group TCtE (V,n;m) (the definitive defi¬ 
nition due to Park [Parkj l and it has been a fruitful subject over the last decade. 
It is expected to have a relation to the relative A-groups 

ATgV X A\V X (m-bl){0}), 


a 

a 

[H 


1 







just as Bloch’s higher Chow group CW{X,n) is related to the it'-group: 


^n(^)Q = 0CH"(X,n)Q 

r 


for smooth schemes X over a field. 

In the last few years there has been a movement of introducing Chow groups 
with modulus: Kerz and Saito |KS| studied the Chow group of zero-cycles with 
modulus for arbitrary algebraic schemes equipped with an effective divisor and 
showed its remarkable connection to the wildly ramified class field theory of 
varieties over finite fields. Russell |Rus) defined a slightly different version earlier 
and studied its relation to his Albanese variety with modulus. 

Binda and Saito |BS| then defined the higher Chow group with modulus 
GW{X\D,n) for an arbitrary pair of an algebraic scheme X and an effective 
Cartier divisor D on it. It is defined as the homology groups of the cycle 
complex with modulus z^{X\D, •). It contains all the groups above (in suitable 
versions) as particular cases. It is expected as a cycle-theoretic cohomology 
theory corresponding to the relative RT-theory Kn{X, D). 

In spite of being a candidate of a nice cohomology theory, it has been un¬ 
known if the additive higher Chow group and the higher Chow group with 
modulus are contravariant for arbitrary morphisms of smooth schemes. In the 
projective case this has been settled by Krishna and Park |KP[IKP2] . but in the 
general case (e.g. affine) the concept “modulus” gets harder to handle. 

The aim of this thesis is to provide an affirmative answer to the problem at 
least locally by proving a new moving lemma. The moving lemma assures the 
contravariance of the additive higher Chow group in smooth affine schemes, 
and that of Nisnevich-localized versions of Binda-Saito’s higher Chow group 
with modulus in pairs {X, D) for which X\D is smooth. 

Let us explain our results in slightly more detail: 


1.1 Moving lemma 

We will often consider pairs (X, D) consisting of an equi-dimensional scheme X 
over a base field k and an effective Cartier divisor D on it. 

For any integer r > 0, Binda and Saito 1 [BS1 §2.1], recalled in SJS]) defined a 
complex of abelian groups z'^{X\D^») called the codimension r cycle complex 
of the pair {X,D) as a subcomplex of Bloch’s cycle complex z’^{X,») (cubical 
version); in particular, elements of z'^{X\D,n) are represented by cycles on 
X X A” satisfying certain conditions. When D = $ it reduces to Bloch’s higher 
Chow theory. 

The complex is contravariant for flat maps. The association 
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defines a complex of etale sheaves on X. We will denote this sheaf simply by 
z^{X\D,,),u and similarly for weaker topologies (such as Nis., Zar.). We write 
CW{X\D, n)Nis for the n-th homology sheaf of z'^{X\D, •)Nis- 

Definition 1.1. For a finite collection W of constructible irreducible subsets 
ot X \D, define a subcomplex 

z’'{X\D,*)wCz^iX\D,,) 

as the one which is generated by cycles V S z^{X\D, n) such that V (which is 
by definition a codimension r cycle on X x A") intersects W x A properly in 
X X A" for every W G W and every face F of A". This extends to a subcomplex 
of etale sheaves 

z’-(X|D,.)w.etCz’-(X|D,.)et. 

Theorem 1.2 (Moving Lemma; see Theorem l4.lI]) . Let X be an equi-dimensional 
k-scheme, D be an effective Cartier divisor on it, and W be a finite collection 
of constructible irreducible subsets of X \D. Assume X \ D is smooth over k. 
Then the above inclusion is a quasi-isomorphism in the Nisnevich topology: 

z’'(X|A), •)w.Nis ^ z''{X\D, •)Nis- 

Along its proof we establish the following general result: 

Theorem 1.3 (Noether’s normalization theorem; see Theorem l4.6l) . Let X —B 
be an equidimensional morphism to a regular Noetherian 1-dimensional scheme 
B of relative dimension d. Then locally in the Nisnevich topology on X and B, 
there is a finite surjective map 


X^A%. 

This explains the need of Nisnevich localization from the technical side. 

1.2 Functoriality of motivic cohomology 

Binda and Saito defined the motivic complex 'Z(r)x\D of a pair {X,D) as 

Z(r)x|D ■.= z^{X\D,,)[2r] 

where the degree shift is homological. This forms a complex of Nisnevich sheaves 
'^{f)x\D.Wis on X. They defined the (Nisnevich) motivic cohomology groups as 
the hypercohomology groups 

It is obviously contravariant for flat maps. Our moving lemma, Theorem 11.21 
implies its contravariance for any map of smooth schemes with effective Cartier 
divisors: 
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Theorem 1.4 (Functoriality; see Theorem l4.15|) . Let {X,D), {Y,E) be pairs of 
equi-dimensional k-schemes and effective Cartier divisors on them, and assume 
Y \ E is smooth. Let f: X ^ Y he a map of k-schemes inducing a morphism 
D ^ E of schemes. Then there is a natural map 

r : r^z^{Y\E, .)Nis ^ z^{X\D, •)ms 

in the derived category of complexes of Nisnevich sheaves on X. Consequently 
there are natural maps of abelian groups 

and Nisnevich sheaves 

f-^Cli^iY\E,n)m. ^ n)Nis. 

A “projective” variant of Theorem 11.41 without need of Nisnevich localiza¬ 
tion, has been proved by Krishna and Park |KP21 Th.4.3]. 

The contravariance in this generality can deduce a natural product struc¬ 
ture; 

z^X\D, .)Nis ® z^iX\D', .)Nis ^ z^+^iX\D + D', .)ms 

in the derived category, inducing product structures on Nisnevich motivic co¬ 
homology groups and Nisnevich Chow sheaves with modulus. 

1.3 Additive higher Chow groups 

The higher Chow groups with modulus includes the additive higher Chow groups 
as special cases. There are some technical simplihcation in this case and our 
method yields the following. 

Definition 1.5. For schemes X, denote by Tz^{X, •; m) the complex of abelian 
groups 

Tz'~{X, •; m) := X A^|(m -I- 1){0}, • — 1). 

Given a finite set FV of irreducible constructible subsets of X, write 

Tz''{X,»;m)w ■= z’'(X x A^|X x (m-|- 1){0},*- l)wxAi 

where W x A^ := {W x (A^ \ {0}) | W € W} which is a finite set of irreducible 
constructible subsets of X x (A^ \ {0}). 

Theorem 1.6 (see Theorem 13.221) . If X is a smooth affine scheme, then the 
inclusion of complexes of abelian groups 

Tz^{X, •; m)w ^ Tz^{X, •; m) 

is a quasi-isomorphism for any finite set W of irreducible constructible subsets 
ofX. 
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Corollary 1.7 (see Theorem 13.251) . For any map f'.X^Y from an algebraic 
k-scheme to a smooth affine k-scheme Y, there is a natural pull-back map 

in the derived category of complexes of abelian groups. 

Theorem ll.GI for projective smooth Y has been proved by Krishna and Park 
[KPl Th.4.1]. 

Plan of the paper 

In )j2]we describe the definition of the cycle complex with modulus z'^(X\D, •) 
and prove some basic facts used in this paper. 

In lJ3]we treat the case of the additive higher Chow group iTheorem 11.61) . 
In 52] we treat the case of the higher Chow group with modulus (Theorem 

[EH). 

Both in §21 and m we follow the traditional strategy used for Bloch’s Chow 
theory ( |Levl Part I, Chap. II, §3.5]), which originates from Chow’s proof [Chow] . 
It consists of the case of the affine space A‘^ and the reduction to this case. Our 
new contribution mainly lies in the proof for the case of the affine space. The 
treatments are very similar in both sections, but we have opted to write down 
the details respectively. As a result, each section can be read independently 
except that we use the facts in 113.21 on linear projection twice. 

2 Definitions and basic facts 

2.1 Algebraic cycle and pull-back 

For an excellent Noetherian equidimensional scheme X (always over a field in 
this paper), denote by z'^{X) the free abelian group generated by irreducible 
closed subsets of codimension r in X (also regarded as an integral closed sub¬ 
scheme). Its elements are called algebraic cycles on X of codimension r. An 
algebraic cycle represented by a single irreducible closed subset is called a prime 
cycle, li V = 'Yhi'^i^i is a cycle with non-zero coefficients, its support |K| is 
defined to be the closed subset \V\ :=UiVi of A. 

Given a flat morphism f: X ^ Y of excellent Noetherian equidimensional 
schemes and a prime cycle V € z^{Y), we define a cycle f*V G -^’'(A) by 

f*V := ^ lengthen JOy ®Oy Ox){v} 
u 

where rj runs through the generic points of irreducible components of f~^i\V\). 
Since pull-backs of closed subsets by a fiat map preserve codimension, every rj 
has codimension r in A. We extend the definition linearly to get 

/*: z%Y)^z^X). 
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This operation is called the flat pull-back of algebraic cycles. 

Besides flat pull-back of cycles, the following is a useful principle when con¬ 
sidering pull-backs of cycles. 

Definition 2.1 (Serre’s Tor formula). Let f '■ X —?► T be an l.c.i. morphism 
of equidimensional schemes and V G z’'(Y) he a codimension r cycle. Suppose 
/“^(|1/|) is a codimension > r closed subset of Y (in general it has codimension 
< r, if nonempty, by the l.c.i. hypothesis). Then define an element f*{V) of 
z'^{X) as follows. First we assume V to be prime (thus V is an integral closed 
subscheme). Then set: 

nV) ■■= E (E(-l)*l"^gthc,,.Torf-(Ov,Ox)) M, 

77 \ Z / 

where ij runs through the generic points of all irreducible components of /~^(|f^|). 
By the condition codimx/“^(|f^|) > r, each Tor has finite length, and by the 
l.c.i. hypothesis it is a finite sum. In the general case, we extend the definition 
linearly. This operation is functorial whenever the pulled-back cycles involved 
are defined. 

Lemma 2.2 (semi-continuity theorem of Chevalley, |EGA I\Q 13.1.3]). Let 
f: X ^ Y be a morphism of finite type of schemes. Then the function x 1 —>■ 
dima;(/“^(/(x))) is upper-semicontinuous on X. 

Lemma 2.3. Let f: X ^ S be a morphism of finite type of Noetherian schemes. 
Then the function s 1 —^ dim(/“^(s)) is constructible on S. 

Proof. This is a consequence of [EGA IV^ (9.5.5)] and can be deduced from 
the previous lemma as well. □ 

Variants of the following observation appear in this thesis repeatedly: Let 
f:X ^ y be an l.c.i. morphism of equidimensional schemes. Let Z-‘^{f) C 
Y be the constructible subset consisting of points where the fiber of / has 
dimension > i. Then the condition codimx(/~^(|E|)) > r is equivalent to 

dim(V n Z-*(/)) -h i < dim A — r 

for all i > 0. 

2.2 The cycle complex with modulus 

We write \ 00 = Spec Z[z] and □" := Spec Z[zi ,..., z^], i.e. the affine 

space with a coordinate system 2 ; = {zi,... ,Zn). We will often consider it over 
a base field k; in that case we mean = Spec k[zi ,..., z„]. We will often 
consider the compactification □" C (P^)". Let Foo be the Cartier divisor on 

(pi)n (leaned by. 

n i 

Foo := ^(P^)*"^ X {00} X (Pi)"-L 
2=1 
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There are distinguished subschemes of called faces. Faces of are 
{zi = 0}, {zi = 1} (1 < i < n) and their finitely many intersections. 

Definition 2.4. Let X be an excellent Noetherian equidiinensional scheme 
equipped with an effective Cartier divisor D. Let ^{X\D,n) be the subgroup 
of z'^{X X □") consisting of cycles V satisfying the following two conditions: 

(1) (face condition): The cycle V meets every face F of □" properly, i.e. 

codim|y|(|C| F) > codimnn(F). 

(2) (modulus condition): Let V be the closure of \V\ in X x (P^)" and 

be its normalization (= the disjoint sum of normalizations of the irreducible 

_ N 

components). We have two Cartier divisors on V , the pull-backs oi D C X 
and Foo C (P^)” by the natural projections X, —>■ (P^)". In this 

notation the condition is: the inequality of Cartier divisors 

(the pull-back of D) < (the pull-back of F^o) 


holds on 

If n = 0, we read (2) as \ V\r\D = 0. Note that the condition (2) always implies 
|C| n (D X □") = 0. 

2.2.1 

Denote by ^ (1 < i < n, e = 0,1) the embedding 

(Zi, . . . , Z„) !-)• (zi, . . . ,e,Zi, . . . , Zn-l). 

By the face condition, we have pull-back maps 

5*,: F{X\D,n) ^ z^{X\D,n-l). 

Here, the modulus condition is preserved (so that the maps go into z^{X\D,n — 
I)) by the following elementary fact. 

Lemma 2.5. Let Y be an integral scheme and Di,D 2 be two effective Cartier 
divisors. Let f ■. Y' ^ Y be a morphism from an integral scheme, whose image 
is not contained in \Di\ U \D 2 \; thus Cartier divisors f*Di, f*D 2 on Y' are 
defined. Suppose an inequality Di < D 2 of Cartier divisors holds on Y. Then 
we have f*Di < f*D 2 on Y'. 

Proof. Let ui,U 2 be representatives of Di,D 2 on some open set of Y respec¬ 
tively. The relation Di < D 2 says locally there is a regular function c with 


UiC = U2. 
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Pulling back this equation by /, 

/vrc = ru2. 

By our hypothesis each term is not a zero-divisor. The equation says f*Di 
f*D 2 holds on Y'. 

We can organize z'’(X|D,n)’s to make a complex by the differentials 

n 

i=l 

Let Si : —?► (1 < i < n) be the i-th degenerate map (= collapsing 

the i-th axis). We define z’’(X|D, n)degen to be the subgroup of z^{X\D,n): 

zy{X\D,n)desen.= ^ (X|i^, 71 - 1) . 

Then ^{X\D, •)degen forms a subcomplex of zJ'{X\D, •). We define 

z^{X\D,n) := z^{X\D,n)/{X\D,n)degen- 

We are principally interested in the quotient complex 

z-{X\D, .) = zr{X\D, •)/zy{X\D, .)dege„, 

called the cycle complex of the pair {X,D). The homology groups 

GU^{X\D,n) = H^{z^{X\D,,)) 

are called the higher Chow groups of the pair {X,D). 

If D = 0, these definitions reduce to (the cubical version of) Bloch’s higher 
Chow theory. 

2.2.2 Additive Chow theory 

The case 

(X, D) = (Y X A\Y X {m + 1){0}) 

(m >1) had been studied earlier independently and we write 

Tz^{Y, n; m) := z^{Y x jX x (m -f 1){0}, n - 1), 

TCH’'(X,n;777) := CH’'(X x A^jX x {m + l){0},n - 1), 

called the additive higher Chow groups of X with modulus m. Their contravari- 
ance in smooth affine X will be proved in ^13.41 


VI □ 


2.2.3 The subcomplex of cycles in good position 

Definition 2.6. (1) Let W be a finite set of irreducible constructible subsets 
of X \ D and e: W N be a map of sets. Define a subgroup 

z'~{X\D, n)w,e C z'~{X\D, n) 

to be the subgroup consisting of cycles V satisfying 

codimvKxJ’ (|f^| n {W x F)) >r — e{W) 

for all IT G W and faces F of (we will express this as: \V\ and W x F 
meet with excess < e{W)). When e is the constant function r, we have 

F{X\D,n)w^r = z^iX\D,n). 


We define 

f{X\D,n)w := F~{X\D,n)w.o- 


(2) Denote T(X|D, n)w.edegen = n T(X|D,n)degen and define 

2;’’(X|D, n)w,e to be the quotient group: 


z'^{X\D,n)w.e ■■= 


T(X|D,n)w,e 

T(X|D,n)w.edegen' 


This is the same as saying z^{X\D,n)w,e is the image of the natural map 
zr{X\D,n)w,e^ z^X\D,n). 

The series of groups z^{X\D,»)w,e and z''(X|D, •)w.e form complexes of 
abelian groups. We write 

T(X|D,.)w :=T(X|D,.)w,o. 

As a whole, we have the following diagram: 

T(X|D,.)w :=l’-(X|D,.)w,o c T(X|D,.)w,e c T(X|D,.) 


z^{X\D,»)w ■■= z^{X\D,»)w,o c z’-(X|D,.)w.e c z^{X 
where the vertical maps are given by “modulo degenerate cycles.” 


D,.) 


2.2.4 Cycle complex sheaves 

For a scheme X, denote by Xet the small etale site over X. Suppose X is ex¬ 
cellent Noetherian and equidimensional, and equipped with an effective Cartier 
divisor D. Then we can consider a presheaf on Xgt 

{U ^X)^z^{U\D\u.n) 
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(resp. z’’(C/|D|[/, n)) which turns out to be a sheaf. We shall regard it as a 
Nisnevich sheaf and denote it by n)Nis (resp. z’'(X|D, n)Nis)- 

Given a finite set W of irreducible constructible subsets oi X \ D and a 
function e: W ^ N, we consider, for each etale scheme U ^ X, the set 

Wu ■= { irreducible components ofW Xx U \ W GW} 

of irreducible constructible subsets of U and the function 

eu '■ Wc/ —>■ N 

W 1-4 minw{e(W)|W' is a component of W Xx U}. 

We often omit the subscript {—)u- Then we have presheaves 

{U ^X)^z^{U\D\u,n)w,e 

(resp. z^{U\D\ij,n)v\^^e) which turns out to form a subsheaf ^{X\D,n)v\/^e,ms 
oi z^{X\D,n)ms (resp. z'^{X\D,n)w,e,Nis of 2 :"'(X|D, n)Nis). 

Following the classical theory without modulus, we can define the (Nis¬ 
nevich) motivic cohomology of the pair {X, D) as 

m) := .)Nis). 

It will be proved in 114.6l that these motivic cohomology groups are contravariant 
in pairs (X, D) such that X \ D is smooth over the base field. 

2.3 Limit and specialization lemmas 

Lemma 2.7. Let Xq be a Noetherian scheme and D he an effective Cartier 
divisor on Xq. Let {Xi}i be a filtered system of Noetherian Xo-schemes and 
assume the transition maps are smooth and affine. Suppose the limit seheme 
X := l^m ^ Xj is Noetherian. Denote the pull-backs of D to Xi or X also by D. 
Then for each n, the natural map 

\i^zf{Xi\D,n)^zf{X\D,n) 

i 

(resp. lm^z’'(W|£),n)w,e zf {X\D,n)w^e) 

i 

is an isomorphism. 

Proof. The first statement is a special case of the second. The surjectivity 
is the nontrivial point. Suppose given a prime cycle V G z'^(X\D,n). As a 
cycle it comes from a prime cycle Vj on Xi x of codimension r (by the 
Noetherian hypothesis). Denote by Vii '.= Vi XXi Xr for transition maps Xit —>■ 
Xi. Let us check Vi will satisfy the face condition, the modulus condition and 
the intersection condition with IF G W, after replacing i. 

First consider the intersection Vid^Xi x F) where F is a face in Suppose 
it contains an irreducible component C of codimension < r in x F. Since 
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X ^ Xi is flat, its inverse image to X x F would have the same codimension if 
it were not empty. So the inverse image has to be empty. 

We have to show the inverse image of C to some Vii x F is empty. Let the 
open set 17^/ be the image of Xii Xi. By the condition C X = 0, we get 

xF)nC = 0. 

i' 

This implies some Ui' x F does not contain the generic point of C. For this i', 
we have C XXi X^/ = 0. 

Next consider the modulus condition. Consider the closed subset {D\^n > 

Foo } on 14 ■ By the permanence of normality with respect to smooth 
morpliisms, its formation commutes with base changes X^/ Xi. Since V 

_ N 

satisfies the modulus condition, it becomes empty in V . Thus similarly to the 
previous step, 14 will satisfy the modulus condition after pulling back to some 
X*-. 

Lastly we consider the condition 14 G z’’(Xi|F,n)w;,e- For W G W, write 
Wi = W Xxo Suppose the intersection V fl (114 x F) has an irreducible 
component C' having codimension < r — e{W) in 114 x F. If C' XXi X were 
nonempty, it should have the same codimension in Wx x F, which contradicts 
the condition V G z^{X\D,n)w^f,. Therefore C XXi X is empty. If follows 
C" XXi Xii is empty for some i' . Therefore 14' G z^{Xii\D,n)w^e- □ 

Applying Lemma 12.71 to n and n — 1 we obtain: 

Corollary 2.8. Under the hypotheses of Lemma \2.7l the natural maps 

hmF(X,|F,n)w.edegen ^ «) W.edegen 

i 

li^2;’'(Xj|F,n)w.e ->• z’'(X|F, n)w.e 

i 

are isomorphisms. 

Lemma 2.9. LetK/k he a purely transcendental extension of fields. Lete,e': W —> 
N be two functions satisfying e > e' > 0. Then the natural map 

z’-(X|F,.)w.e z’'(Xx|Fx,*)w,e 

z^{X\D,.) W.e' z'"{Xk\Dk^ •) W,e' 
induces injective maps on the homology groups. 

Proof. By Lemma 12.71 we may assume K has a finite transcendence degree m 
over k; it is the function field of the affine space S = A™. 

Suppose a cycle V G z^{X\D,n)w^e represents a homology class in the first 
complex and maps to the zero class in the second. Then we have: 

Vk = + '^(K) + Q(k) 
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as cycles on Xiv-xD", where € z’'(Xx|£',n+l)vy,e, ^{k) ^ ^{^K\D,n)w^e' 
and Q(k) is a degenerate cycle in |D,n)w;_e- By the limit argument 

(Lemma 12.71 and its corollary), after shrinking S', this formula comes from a 
formula over S: 

Vs = dV( 5 ) + V(g) + Q(s). 

Moreover we may assume every component of these cycles is equidimensional 
over S by Lemma 12.31 

Now suppose k is an infinite field for a while. Then there is a /c-rational 
point s G S. Pulling back the last formula to s gives a killing relation of V in 
the homology group of z^{X\D, z’'{X\D, •)w,e' (puU back to s is possible 

because cycles are equidimensional over S). 

Next, suppose fc is a finite field. Pick two prime numbers (say 2 and 3). 
There is an infinite algebraic extension kV)Jk obtained as the union of finite 
extensions of 2-power degrees. The class of 14 ( 2 ) is annihilated by the scaler 
extension /k^‘^\ Since kV') is an infinite field, our previous arguments 

show that the class of 14 ( 2 ) is already zero. By the limit argument (Lemma 
12.71 and its corollary), there is a finite 2-power subextension k?'^ such that V. ( 2 ) 

( 2 '\ 

represents the zero class. Therefore applying finite push-forward by k\ /k, we 
find that [k!f^ : k]V represents the zero class, i.e. the class of V is annihilated 
by a power of 2. Applying the same argument to the prime number 3, we find 
that the class of V is annihilated by a power of 3. Therefore the class of V must 
be zero. □ 

Remark 2.10. Essentially the same proof works for the following more special¬ 
ized case: Let i? be a discrete valuation ring over k with a uniformizer u, and 
X be an i?-scheme of hnte type with an effective Cartier divisor D. Let TZ be 
the local ring of the polynomial ring R[xi ,..., Xm] at the height 1 prime ideal 
(u). Then the map 


z-{X\D,,)w,e ^ z^{Xn\Dn,»)w,e 
Z^{X\D,9)w^e' Z^{XTi\D']Z,9)w^e' 

induces injective maps on the homology groups. 


3 Theorem for additive higher Chow groups 

In this section we prove Theorem 11.61 The basic strategy is as follows: first 
we prove the statement for the affine space A‘^ equipped with a Cartier divisor. 
We basically use moving by parallel translation on the affine space; however, in 
order to manage the modulus condition, we have to introduce the moving speed 
varying depending on the point. 

Secondly, we treat the general case. We reduce the problem for a general 
smooth affine X (equidimensional) to that for the affine space A'^ via finite flat 
maps X —A'^, by choosing such maps sufficiently generally. 
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3.1 The case of affine spaces 

Let be a field. Write = Spec(fc[a;i,... ,Xd])- Let u G k[xi ,... ,Xd] \ {0} be 
a nonzero function and D = (u) be the divisor defined by u. 

Let zi,..., be the coordinate of := Spec(/c[zi,..., z„]). 

3.1.1 Choosing an integer s(F) 

Let V G z^{A'^\D,n) be a prime cycle. Let V be its closure in x (P^)" with 
the reduced scheme structure. We are going to define an integer s(y) > 1. 

Consider a partition {1,..., d} = lUJ. Let Uij be the open subset of (P^)" 
which has coordinates {zi}i^i and {l/zj}jgj. Put Q = 1/zj. In this region the 
divisor Foo is defined by the function (j := Q. 

Choose a finite set of polynomials generating the ideal of the closed sub¬ 
scheme Fred n (A'^ X Uij) and write it as 


[ffj G k[xi,...,Xd,Zi {i G /),Cj (j G ^)]}a- 


The next lemma is useful to interpret the modulus condition. 

Lemma 3.1. Let A be a commutative ring with 1, p he a prime ideal, C G A 
and u G A\p be two elements. Then the element C,/u o/Frac(A/p) (the residue 
field of p) is integral over A/p if and only if there is a homogeneous polynomial 
E(a,fi) G A[a,/?] which is monic in a such that we have 

It) G p in A. 

Proof. If C/u is integral over A/p, there is an equation of the form 

(c/it)^ -I- ai{C,/u)^~^ H - h Oat = 0 (Oi G A) in Frac(A/p) 

satisfied by (/u. Then we have the equation C,^ aiC,^~^u H-h = 0 in 

A/p. Therefore we have •••-|-aAru^ G p in A. For the converse, 

read this paragraph backwards. □ 

Now since V satisfies the modulus condition, we can apply Lemma 13.11 to 
the elements 

O := n uGA:= k[xi, ...,Xd,Zi (i G I),Cj {j G J)] 

j&J 

with p ;= (//j)a- So by Lemma lOI we get a homogeneous polynomial 
Eij{a,fi) G k[xi, ...,Xd,Zi (z G I),Cj {j G J)][a,P] 
monic in a satisfying 



( 1 ) 


A 
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By multiplying Ejj by a power of a, we may assume 

deg Eij > deg fjj 

where the first deg is the homogeneous degree and the second deg is the total 
degree with respect to xi,... ,Xd- 

Moreover, we may assume deg Ejj is the same for all partitions {1,..., n} = 
lUJ. 

Definition 3.2. For a prime cycle V S we choose the above data 

and set 

s(y) := deg Ejj. 

For an arbitrary element V = £ ^^{A‘^\D,n), we put 

s(l/) := max{s(l/^)}. 

A* 


3.1.2 Construction of homotopy 

Choose a vector v £ A‘^ and an integer s > 1. Define a morphism 

p := X □” X ^ X 


by 


{x, Z, t) !-£■ {x + tu^V, z). 


(It is defined over the residue field of v; but we neglect to make the scalar 
extension explicit in the notation. Or one can make scalar extension to the 
residue field of v first and assume u is a rational point.) The map p is flat 
over the open subset (A'^ \ D) x □" on the target. So if we have an element 
V £ z'^{A‘^\D,n), we can define a cycle 


p*V on A"* X X A^ (= A"* x 0"+^) 


by flat pull-back. 

The next is our technical key point. 

Proposition 3.3. Suppose given an element V £ z'^{A‘^\D,n) and define an 
integer s(D) as in 113.1.11 Consider the cycle p% on A‘^ x If we have 

s > s(D), then p% fV satisfies the modulus condition for any choice ofv. 

Proof. We may assume D is a prime cycle. The appearing in the assertion 

has coordinates zj,... ,Zn,t. The compactification of 0"+^ is covered 

by (P^)" X Spec(fc[t]) and 

Spec{k[zi {i £ I),Q {j £ J), l/t]) 

where /, J run through partitions {1, .. .,n} = I Li J. We put r = 1/t. The 
modulus condition we have to check is 


D 


p-(yY 


< Er. 


'p*W) 


( 2 ) 
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This can be checked after restricting to the region over each of those open sets. 

First consider the open set (P^)" x Spec(fc[t]). The morphism extends 
to 

p := ■■ X (Pi)" X Spec(A:[t]) ^ x (pi)” 

by the same formula, so we have 

X(pi)„+i ((Pi)'‘ X Spec(fc[t])) =r(F). 

From this we have an induced map 

p\ p*{V)^ X(pi)„+i ((P^)” X Spec(fc[t])) . 

Thus we can deduce ([2]) from the corresponding inequality satisfied by V, on 
this region. 

Next consider Uij x Spec(fc[T]). Recall we have put 
Uij := Spec(fc[zi,Cj]ie7jGj)- 
The set V fl (A^* x Uu) is defined by equations 

fu{x,Zi,Q. 

So the set p*{V) n (A'^ x Uu x Spec(A:[t])) is defined by equations 

fu{x + tu''v,z„Cj)- 

Therefore the function 

vanishes along p*{V) fl (A'^ x Uu x Spec(fc[t, 1/t])). Here deg/jj is the total 
degree of fj j with respect to x. Hence the function 

VU ■= Zi, Cj) 

is regular on A'^ x Uu x Spec(fc[T]) and vanishes along p*(y) fl (A'^ x Uu x 
Spec(fc[r])). It has the form 

A/j = Zi, Cj) + u^gx 

for some gx € k[x, Zi, Cj,T]i^jj^j. Suppose the relation ([T]) in iI3.1.1l is explicitly 
written as (recall Cj = Ojej Ci) 

A/j(Cj,m) = '^bx{x,Zi,Cj)fu{x,Zi,Cj) in k[xi,... ,Xd, Zi,Cj]- 

A 

Combining the last two equations, we get 

= T<^^EuiCj,u) + (3) 

A A 
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By the condition s(F) > deg fjj, everything in the equation is a polynomial 
belonging to k[x,Zi, Cj,T]. 

Suppose Eij{a,l3) has the form 

Ejj = ■■■ + ■ 

Then we put 

E',j := + cira^(^)-i/3 + • ■ • + 

which belongs to k[x, ZiXj,T][a, P] by s > s(F). Then the equation ([3]) reads 

E'ij(tC,j,u) & ^g)^ijk[x,Zi,Q,T\. 

A 

By Lemma l3.II this shows that the inequality of Cartier divisors 

holds on the region over Ujj x Spec(fc[r]). □ 

3.1.3 Proper intersection 

We keep the notation. We choose v := Vgen to be the generic point of A'^ in this 
1 13.1.3I Denote the function field of A'^ by /cgen- 

Lemma 3.4. LetW be a finite set of irreducible construetible subsets ofA‘^\D 
and e: W —t N be a map of sets. Suppose v = Vgen ■ Then for any s > 1 and 
for any V G z’'(A‘^jE,n) we have: 

(1) The eycle s(^) -^fcgen ^ meets all faces properly. 

(2) The cycle p*(D)|t=i on A^^^^ x □" meets M4gen ^ ^ properly for every 
construetible irreducible subset W ofA‘^\D (i.e. defined over k) and every 
face F o/ . 

(3) IfV G z'^{A‘^\D,n)w,e, the cycle p* {V) meets xE with excess < e{W) 
for every W GW and every face F ofU^'^^. 

Proof. The assertion (1) is a special case of (3) where W = A‘^ \ D and e = 0. 
We prove (2) first. We have to prove the intersection p*(P)|t=i O (Wkg.,„ x F) 
is proper in Af^^^ x for any face F C 

First suppose the map u: W —>• A^ is dominant. Embed p*(P)| 4 =in(Wfcg^^ x 
F) into A^^^^ X A X A^ by the composition 

P*{V)\t=i n{WxF)c A^^^ X F A^^^ xFxA^ 
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followed by the automorphism 

Ai X F X —>• Ai X F X A^ 

^gen ^gen 

{x,z,a) !->■ {x + av,z,a). 

Under this embedding, the fiber over a point a G looks like: 

U n ((1U« + av) X F)) C Ai^^^ X F (C x □"). 

where Wq, = lU x^^i a (we have omitted the base-change notation to the residue 
field of a in some places). In particular the fiber over 0 G A^ is empty, since W 
is given as a subset of A'^ \ F. 

Consider the following subsets of A'^ x F x (A^ \ {0}): 

A = WxF ^ A''X F X (A^ \{0}), 

(incl. ) 

B = {V Xnn F) X (A^ \ {0}) c A'^ x F x (A^ \ {0}). 
and the automorphism: 

At^^^ X F x (Ai \ {0}) ^ A^^^„ x F x (A^ \ {0}) 

(a;, 2 , a) i-> (a; + av, z, a). 

Then by the observation above, the subset (()(A) flF of A^^^^ x F x (A^ \ {0}) 
is exactly the set p* (U) |t=i fl x F) embedded into it by the above fashion. 

We apply the following lemma to the subsets A, F in A)( x F x (A^ \ {0}), 
the map 

X F X (A^ \ {0}) ^ {x,z,a) ^ 

and 

U = Ai^^^xFx{A^\m. 

Lemma 3.5 f |Blo[ Lem. 1.2]). Suppose a connected algebraic k-group G acts on 
an algebraic k-scheme X. Let A, B be two closed subsets of X and assume the 
fibers of the map 

G X A — y X (y, o) I— y g • a 

all have the same dimension and that this map is dominant. Assume given an 
overfield K of k and a K-morphism if: Xx —>■ Gk, ond there is a nonempty 
open set U C X such that for any point x G Uk we have 

ti.deg.f.{k{p o iIj[x),tt{x))) > dimG, 

where tt: Xk —^ X and p: Gk G. Define 

4>: Xk Xk', X H->- ip{x) ■ X 

and assume it is an automorphism. Then the intersection (j){AC\U)r\B is proper 
in Xk- 
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(The condition on the map G x A —?► X is satisfied in our case because 
u'*: VF —^ is assumed to be dominant.) When we apply Lemma iTSl note 

that B is a codimension r subset by the face condition satisfied hj V. It yields 

dim(p*(y)|t=i n {W X F)) < dim(LF x F) — r 

i.e. the intersection is proper. 

The case where u: IT ^ is not dominant is similar and much easier. So 
we omit the proof for this case. 

We prove (3). Let F be a face of If F is contained in x {0}, our 

assertion follows from the assumption V € z^{A'^\D,n)w^e tautologically. The 
case F is contained in □” x {1} was treated in (2). So let us suppose F has the 
form F = F' X where F' is a face of 

We embed p*{V) fl (IF x F) into A^^^^ x F' x by the inclusion 

p*{V) n{WxF)^ Ai^^^ xF' xO^ 


followed by the map 

A^g^n X F' X A^g^^ X F' X A^; (a:, z, t) {x + tu^v, z, tu^). 

Its fiber over a S Ai looks like 

^gen 

Vn{{W + av) X F') in A^^^^ x F'. 

We can apply Lemma [3.51 to the situation 

A = IT X F' X A^ C A = A'^ X F' X A\ 

B = {V xnn F') X A^ c X, 
lb: Ai X F' X A^ ^ Ai ; (x, z,a) av, 

[/= X \ {a = 0}. 

Then we find that irreducible components of the intersection 

p*{V)n{W X F' X Qi) 

which are not contained in {t = 0} all have the right dimension. Dimensions 
of the components contained in {t = 0} are bounded by the condition that 
V G z''(A‘^|F, n)w_e because p*{V)\t=o = V. Thus one sees the intersection has 
excess < e(IT). □ 

3.1.4 

Here is a consequence of Proposition 13.31 and Lemma 13.41 
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Proposition 3.6. Suppose given V G z^{K'^\D,n)v\/^e- If v = Vgen and s > 
s(P), then we have 

and 

By applying this (partially defined) homotopy operator to arbitrary finitely 
generated subcomplexes of •)w,e, we see that the scalar extension map 

induces the zero map on homology groups. On the other hand, since the ex¬ 
tension kgen/k is purely transcendental, by a standard specialization argument 
(Lemma 12.91) the scalar extension map should induce injective maps on homol¬ 
ogy groups (when the base field is finite we also use a trace argument to reduce 
the assertion to infinite field case). Therefore the homology groups of the first 
complex are all zero. 

We have shown: 

Theorem 3.7. Let D C A*^ he an effective Cartier divisor in an affine space 
over a field k. For any W and e: W —> N, the inclusion of the complexes 

z’'(A''|i5,.)wC2’'(A''|Z?,.)w.e 


is a quasi-isomorphism. 

3.2 Generalities on linear projection 

In this il3.2l we review techniques involving linear projection, which is used to 
prove Theorem 11.61 out of Theorem 13.71 Everything is known and has been 
used to prove the corresponding result for Bloch’s higher Chow theory in [Lev] 
(explicitly and implicitly). 

We work over a base field k. 

3.2.1 Terminologies 

The projective terminology. Let L C be a linear subscheme of codi¬ 
mension d 1. The Grassmannian variety parametrizing linear subschemes L' 
of codimension d in containing L is a projective space of dimension d. Let 
us denote it by Pd- 

Let Q C P^ X Pd be the incidence correspondence 

Q = {{x,L') \ xGL'}c¥^ xPd. 
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The first projection pr^^: Q —>■ is an isomorphism over the open set P^ \ L. 

We define the linear projection from L as the composite 

7rL:]P^\L^Q\pN\L^Pd- 

Given a rational point x € P'^ \ L, the fiber of ttl containing x is the linear 
subspace spanned by L and x. 

Choosing a system of equations Fi € k[Xo, ■ ■ ■, X^] (0 < i < d) for L gives 
a trivialization Pd = P'^, and tt^ is written as: 

TTi = (Fo : • • • : Fd): P"^ \ T ^ P'". 

The affine terminology. Let M C be a linear subspace of codimension 
d, corresponding to a linear subspace of the vector space having codimension 
d. Let Ad be the affine space corresponding to the d-dimensional vector space 
k^/XI. Then we have the following map, called the linear projection 

ttm ■ A'^ —>■ Ad- 

The fiber of it containing a rational point x G is the affine linear subspace 

X + M. 

If we choose a system of equations fi,..., fd G k[xi ,..., xn] defining M, it 
determines a trivialization Ad = A"^ and the linear projection is written as: 

ih,...Jd):A^^A‘^. 


The relation bet-ween the projective and the affine terminologies. 

Embed A^ into P^ naturally. Their coordinates are related by Xi = Xi/X^. 
Write P^“^ = P^ \ A^ = {Xq = 0}, the hyperplane at the infinity. Choosing 
a linear subspace M C A^ of codimension d is equivalent to choosing a linear 
subspace L C P^ of codimension d -I- 1 contained in (the codimension in 

P^-^ is d). 

By assigning to an affine linear subspace of the form x + M C A^ a linear 
subspace spanned by x and L in P^, we get a map Ad Pd- We have a 
commutative diagram 

F^\L ^ Pd 


A^ Ad - 

Moreover this diagram is Cartesian as one can easily see from the description 
by coordinates below. 

Choosing a system /i (1 < i < d) of equations for M is equivalent to choosing 
a system of equations for L in the form 


(Xo,Fi,...,Fd) 
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where fi and Fi are related by fi = Fi/XQ. Then the above diagram takes the 
form; 


\L 





The following will be useful when we reduce the problems to a larger field. 

Lemma 3.8. Let X be a scheme of finite type over a field k. Let K be an 
overfield of k and suppose given a dense open subset Ui^k) of Xk- Then there is 
a dense open subset U of X such that for any algebraic closure k of k and any 
common overfield Ll of k and K, 

k C LI 
U U 
k CL K 


we have the inclusion of subsets in X{n): 


U(k) C U(K){^). 

Proof. First we may assume A"/fc is a finitely generated field extension. Indeed, 
the open set is defined over some subfield K' of K finitely generated over 
k. Let us denote the dense open set by U(^k') C Xk'- Then if an open set 
U CL X solves the problem for ii' solves the problem for U(^x)- 

So let us assume K is finitely generated over k throughout the proof. First 
suppose K is algebraic over k; it is a finite extension of k. The projection 
PK/k- Xk —S' X is finite. Therefore the set Z := PK/ki^K \ U[k)) C X is a 
closed subset of X containing no generic point. Thus the set C/ := X \ Z is a 
dense open subset of X. Since we have C it clearly solves our 

problem. 

Next we will observe that if our assertion is true for algebraically closed base 
fields, then our assertion is true in general. So let us assume our assertion is 
true for k and verify the assertion for k. The algebra (k 0*, ATj^ed is a finite 
product of fields, say 

(k A )red = ATj. 

i 

Put U(^Ki) = U(^K) Xk Ki C Xxi- By the assumption we can take a dense 
open subset C/(^) C X^ which solves the problem for all U(^Ki)] for any common 
overfield of fc and Ki (for an i), we have 




(4) 


in A(n). 
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Now is defined over some finite subextention k' of k/k, say U(^k') C Xk>. 
Set U := X \ {pk'/k{Xk' \ C^(fe')))’ ^ dense open subset of X as we have seen 
above. Then we have C a fortiori we have 

U{k)cU^k)Ck)- (5) 

We can check this U solves the problem: suppose given a common overfield fl of 
k and K. There is an index i such that the inclusion maps fc —^ and K ^ 

factor through an inclusion Ki ^ il. Then we have a relation Combined 
with (IS|), we get 

uik)cu^K)m. 

We deal with the case k = k. In this case every closed point of X is a k- 
rational point. Write K as the function field of an integral scheme V over k with 
the generic point 77 . U(^k) is the restriction of an open subset f7(y) C X XkV. 
Let pr^: X XkV —>• X be the first projection. It is a flat surjective map, 
so U := prj(I7(v)) C X is a dense open subset. We will check this U solves 
our problem. Indeed, suppose given an overfield n of K. We have to show 
U(k) C in X(f2). It suffices to show U(k) C U(^k){K). Let x € X(k) be 

a fc-rational point. Its image in X[K) is represented by (x, 77 ) € X x^r]. Suppose 
it does not belong to U(^k)- Then the closure of the point = x x^V in 

X Xfc C is contained in the closed subset (X Xf.V)\U(y)- Therefore x does not 
lie in the image of C/(y) by the projection X x C ^ X. Thus we have shown 
Uijt) maps into U(^k){K). □ 

3.2.2 Notation 

We will keep the following notation throughout the rest of >13.21 Let X be an 
affine equidimensional scheme embedded in an affine space . Let A^ C 
be the natural open embedding. Write \ A-^. Let us allow ourselves 

mixed usage of projective and affine terminologies on linear projection. 

Let d < X be a positive integer. For L S Gr(X — d — 1,P^“^) (which we 
may think defined by d linear functions on A^), a surjective linear morphism 
TTz,: A^ —>■ A'^ is defined (by the d functions) well-defined up to linear automor¬ 
phism on the target. Denote by pl its restriction to X. The fiber of tt^ passing 
a rational point x S A^ is equal to x -I- kerTTi. 

A^- 

u 
X 

When we say some property holds for a general L € Gr(X — d — 1,P^“^), 
let us mean the property holds on the set of closed points of a dense open subset 
of Gr(X — d — 1,P^“^). Our assertions made below does not depend on the 
ambiguity of linear automorphism on the target (or you may use the affine space 
Ad as the target to avoid any ambiguity). 
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3.2.3 Avoidance 

Lemma 3.9. Suppose given a point x S and a closed subset Z C of 
dimension < d not containing x. Then for a general L, we have ^ 

(Consequently, finitely many distinct points with closure dimension < d have 
distinct images for a general L.) 

Proof. By Lemma 13.81 after scalar extension, we may assume a; is a fc-rational 
point and k is algebraically closed. A general codimension d linear subspace 
passing through x does not meet Z by the assumption on dimension. □ 

Definition 3.10. Let X be the closure of X in P^. Denote by Ux the open 
subset of Gr{N — d — 1,P^“^) consisting of linear subspaces L of P^“^ which 
does not meet X. (If dim < d, it is a dense open subset. Otherwise it is empty.) 

If A G Ux, then the map p^: X ^ A‘^ is finite and surjective. It is flat on 
the Cohen-Macaulay locus of X [EGA IV^ (6.1.5)]. 

3.2.4 Smoothness 

Let m > 1 be an integer. Denote by V the vector space of polynomials in 
(a;i,..., Xd) of degree < m. It defines an affine space over k, also denoted by V. 
The Veronese embedding of degree m is the closed embedding 

corresponding to the inclusion (which is a /c-linear map from a vector space to 
a fc-algebra) 

V ^ k[xi,.. .,Xd]. 

The Veronese reembedding of degree m of an affine embedding refers to the 
composite of a given embedding X C A^ followed by the Veronese embedding 
A^ C V of degree m. 

Lemma 3.11. Suppose dim A > d and given x G X. After any Veronese 
reimbedding of degree > 2 of the original affine embedding, a general pl is 
smooth on the subset pf^pL{x) n Agm- 

Proof. By the flat descent of smoothness and Lemma [3.81 we may assume k is 
algebraically closed and a; is a closed point. A general L satisfies the condition 
that X + kerTT^ meets A properly. In this case the map pl is equidimensional 
aroundp^^PL(a;). Therefore it is flat on Agm by [EGA IV 2 [ (6.1.5)]. By Bertini’s 
smoothness theorem [SGA41 XI, 2.1], the fiber pf^p^^x) fl Agm is smooth. This 
completes the proof. □ 

3.2.5 Birationality 

Lemma 3.12. Suppose dimA < d and let x G Agm be a point whose closure 
has dimension < d, and set y := pl{x). Then the induced map k{y) —> k{x) is 
an isomorphism for a general L. 
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Proof. By Lemma l3.11l a general is unramified at x. Therefore the extension 
k(x)/k{y) is finite and separable. We have to prove it is also purely inseparable 
for a general L. 

Let k{x) be an algebraic closure of k{x). The points oixXkk{x) C X Xkk{x) 
are generic points of several irreducible subsets of dimension < d. By Lemma 
for a general L G these points have distinct images by pl- Therefore 

by Lemma [3.81 a general L G Ux, the map pr induces an injection on the set 
of A:(x)-valued points over x —>■ y. This implies that the extension k(x)/k[y) is 
purely inseparable. □ 

3.2.6 Chow’s moving lemma 

Definition 3.13. Let L G Ux- For a constructible subset Z of X, define a new 
constructible subset 

L+Z-.= {{p1^pl{Z))\Z)- 

where we take the closure (—)“ inside p~f pl{Z). 

Definition 3.14. For irreducible constructible subsets A,B of X, set 

i{A, B) = max{—1, dim^ + dimi? — dimX} 

(the “ideal dimension” for the intersection AD B) and 

e{A, B) = max{0, dim(A C] B) — i{A, B)} 

(the excess dimension of the intersection ACiB) where we set dim(0) = —1 by 
convention. When A and B are constructible subsets not necessarily irreducible, 
we define e{A,B) as the maximum of componentwise e(—, —)’s. 

Lemma 3.15 (Chow’s moving lemma). Keep the notation in >13.2.21 Let d = 
dimX. Let Z,W two irreducible constructible subsets of X. Assume X is 
smooth at each generic point of Z nW. Then for a general L we have: 

e{L+Z, W) < max{0, e(Z, W) - 1}. 

Proof. This is essentially known, cf. |Lev[ Part I, Chap. II, 3.5.4]. We may 
restrict ourselves to those L’s such that pl - X ^ is finite. Let ram(pi,) be 
the closed subset of X where pl is not etale. 

As we have tautologically 

L~^{Z)nW C [L’^(Z) n IF \ (ram(pL) n Z n IF)] U [ram(pi) n z n IF], 

it suffices to control the dimensions of L'^{Z) n IF \ (ram(pi) n Z n IF) and 
(ram(pL) n Z n IF). 

For the second one, if ram(pi) does not contain any generic point of Zfl IF, 
it has dimension < dim(Z n IF) — 1 or is the empty set. Such L’s form a 
dense open subset of the Grassmannian because of our smoothness assumption 
(Lemma 13.111) . 
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To handle the first one, we introduce some notation. Let 1{Z, W) C Gr(l, P^) 
be the constructible subset consisting of lines I such that there are points z € Z 
and w € W, z ^ w, on 1. Clearly diml{Z,W) < diuiZ + dim IT. For each 
integer j > 0, let Sj be the set of points x € P^“^ whose fiber of the following 
map (“direction”) 

<5: 1{Z,W) 

I ^ in P^-i 

has dimension j. Let Sj = Ua t)e its irreducible decomposition. Note that 
one has for any j > 0 and A: 

j + dim < dim 1{Z,W) < dim Z + dim W. (6) 

Let us recall: 

Lemma 3.16 f |Robl Lem. 6]). If a geometric point x G X{k) lands on L'^{Z) \ 
(ram(pL) fi Z), there is a y G Z{k), different from x, such that pl{x) = priy)- 

Therefore if a geometric point x G X{k) lands on (L+(Z) \ (ram(pL) fl Z)) fl 
W, there is an I G 1{Z,W) with x G I and In L ^ So we can consider the 
diagram of constructible subsets of schemes 

Lem f^l6l 

X D (image) D {L^{Z) \ ram(pi) n Z)nW 


pri \ 


ix^l) 


xGX, xGlG 1{Z,W) 
and 6: l(Z, W) -n P^“^ maps 
I into L C P^-i 


4- Pl'2 


l{Z,W)n S-^{L) ■ ^ ■ > L 

where the map pr 2 is quasi-finite because pl is finite on Al. So we have 

dim (^{L~^{Z) \ ram(pi) n Z)n W) < dim(5“^(L). 

At this point we consider the condition: 

• L should meet every properly in P^“^. 

This condition is true on a dense open subset of Gr(A^ — 1 — d, P^“^). For such 
an L we have 

dim((5“i(L)) = sup^|dim((5“^(L n -S'j'^^))| , 
dim(d“^(L n 5'j'^^)) = dim(L fl 5']'^^) + j 

< dim(S'j^^) — d + j (because L meets properly) 

< dim Z + dim W — d (by ([HI)) 
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Therefore for such an L we have 


dim [(L^(Z) \ (ram(pL) H Z) Cl W)\ < dimZ + dimTT — d, 

the right hand side being the right dimension for the intersection of Z and W. 
This handles the first one and completes the proof. □ 

3.2.7 Higher Chow-like situations 

Keep the notation in il3.2.2l and let d = dimX. 

For L G Ux we will denote pl x idon : X x □" — A'^ x also by pl when 
no confusion can arise. For a constructible subset V oi X x D", we will denote 
by L'^V the set 

{p1^plV\v)- 

where the closure is taken in pJ^^plV. It is a constructible subset of X x 

Lemma 3.17. Let V' G X x □" be an irreducible constructible set with generic 
point rj. Let Z G X x be a constructible set containing no generic point of 
X Xk pT^ 2 iv)- Assume X x^ pr 2 (? 7 ) is smooth over pr 2 (? 7 ) at each generic point 
of (V' XQn pr 2 (? 7 )) r\{Z Xq.1 pr 2 (? 7 )) (for example X is smooth). 

Then for a general L G lAx, no irreducible component of L'^V is contained 
in Z. 

Proof. We apply Chow’s moving lemma [3. 151 to constructible subsets 

V Xnn pr 2 (p) and Z x^jn pr 2 {v) of X x^ pr2(7?). 

Taking into account the fact that Z contains no generic point of we find 

that a general L G Ux Xk pi' 2 (^) satisfies the condition that no component of 
L^{V' x^n pr 2 (? 7 )) is contained in Z x^r. pr 2 (? 7 ). Using Lemma 13. 171 this holds 
for a general L G Ux- Since the generic points of L+U' are all on L+(U' x^n 
pr 2 (? 7 )), we get our assertion. □ 

Lemma 3.18. Let V G X x □" be a prime cycle with generic point rj and 
assume rj is not a generic point of X Xk pT 2 {r]). Assume moreover that X is 
smooth at pri(p) G X. Then for a general L, the support of pf^pL*V — V is 
L+|U|. (I.e. the component V appears in p~f^pL*V with multiplicity 1.) 

Proof. The assertion will follow from properties that the map X x □" ^ A‘^x □" 
is etale at ij, and that the composite 

U C X X ^ X □” 

is a birational morphism to the image. 

The first follows from Lemma [3 .11 1 applied to pr]^(p) G X. 

We consider the second property. Consider ij G X Xk pT 2 {r]). Then by 
Lemma [3.121 the property holds for a general L G ^Xpr 2 (,)- By Lemma [3.81 the 
property also holds for a general L G Ux ■ □ 
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Definition 3.19. Given a closed subset V C X x an integer z > 0 and a 
face of C let C F be the set of ?/ G F F such that the fiber 

of prj^: V Xqti F —> X has dimension > i around y. By the semi-continuity 
theorem of Chevalley on fiber dimensions 12.21 is a closed subset. Put 
:= pr;^(V^*), a constructible subset of X. It is the set of a; G X such 

that 

dim(P XjcxD" {x X F)) > i. 

Lemma 3.20. Assume X is smooth (but see Remark 13.211 below). Let V C 
X X □" be an irreducible closed subset with generic point tj. Assume rj is not a 
generic point of X Xfepr 2 (? 7 ). Let i > 0 be an integer and assume Zp^(V) is not 
dense in X. Then for a general L G Ux, we have the next inclusion of subsets 
ofX: 

Z^\L+V) C L+{Z^\V)). 

Moreover, the first is dense in the second. 

Proof. First we find pf^PriV^^) = {p2^PlV)p^ because pl is finite. By Lemma 
13.171 we may assume no irreducible component of is contained in V by 

taking L sufficiently generally. Then pf^p^fV^^) \ V and {pf^PhV)^^ \ ^ = 
{Pl^PlV \ V)p^ has the same set of generic points. So we have an equality of 
their closures: = F+(y^*). Thus the problem is whether or not we 

have 

pri(F+(l/|*))cF+(Z|*(l/)), 

i.e. whether pr^ maps F+(y^*) into L~^{Zp^{V)) (and the density of the image). 

Let us denote Z = Zp^{V). Using the trivial fact X x □” = X x^d (A'^ x □"■) 
we have 

PT^iPl^PLiV^") =pI^Pl{Z). 

Therefore we have 


PL^PL{Vf")\Wl ^{Z) 


Pri 


p1^pl{z) \ (Z) 


Pl^PLiVp] 

pri 

pI^Pl{Z) 


By Lemma [3.171 we may assue no irreducible component of is contained 

in pr("^(Z). Hence F+(V^*) equals to the closure of *) \ pr("^(Z) in 

p2^Pl(V^^). Therefore taking into account that pr^^ is a continuous map we 
find that pr^ maps into F+Z, and the image is dense. □ 

Remark 3.21. From the proof, it is clear that we only needed the smoothness 
of X at some finitely many points. 
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3.3 The general case 

Theorem 3.22. Let X be a smooth affine scheme. Suppose given a finite 
set W of irreducible constructible subsets of X and a function e: W —^ N. Let 
D C A™ be any effective Cartier divisor. Denote by WxA™ the set of irreducible 
constructible subsets W x A™ [W G W) of X x A™. It is in bijection with W. 
Denote the function 

W X A"* ^ W N 
also by the letter e. Then the inclusion 

z^X X A™|X X D,»)wxA^,e c z^{X X A™|A: x D,.) 
is a quasi-isomorphism. 

Proof. Embed X into any af&ne space A^ as a closed subscheme. Put d = 
dimX. By a trace argument we may assume the base field k is infinite. We 
will apply the techniques recalled in ^3.21 (regarding A™ x □” as the affine space 

Qm+n^ 

So, for a face F C an integer i > 0 and a cycle V on X x A™ x put 

C |P| 


to be the closed set of points y G\V\r\{X x A™ x F) around which the fiber of 
the projection 

|P| n (X X A”" X F) X 
has dimension > i. Let Zp^{V) C W be its image. 

Lemma 3.23. Let V G zf(X x A^jX x D,n). It belongs to zf{X x A™|X x 
D,n)v\>xk"-,e if and only if we have 

dim(Z^*(P) n W) -\-i < dim(W x A*” x F) — r + e{W) (7) 

for all i >0, faces F C □" and W G W. 

[Let Z^fV) = Uf^Z^^{V)^ be the irreducible decomposition. We will use 
([7|l in the equivalent form 

e{Z^\VY, W) < dim(X x A™) + dimF + e{W) - (dim + r + i) 

for all i > 0, faces F, W GW and components p.] 

Proof of Lemma. Suppose V G zf{X x A™|A x F, njwxA^.e; it says 
dim(|P| n (W X A™ X F)) < dim(W x A™ x F) - r + e{W). 

Then because we have inclusion C |P| fl (X x A™ x F), we have 
dim(y^* n (W X A™ X F)) < dim(W x x F) - r + e{W). 
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Since the surjection fl {W x A™ x F) ^ Z^^{V)r\W has fibers of dimension 

> i, we have 


dim{Z^\V) r\W)+i< dim(V^* n (Vh x A™ x F)). 

The last two inequalities imply 0 . 

Next, suppose we have inequalities ©• Let 77 be any generic point of |F| fl 
{W X A™ X F). Let i > 0 be the dimension of the fiber of the projection 

|y| n (VL X A™ X F) ^ X 

around rj. Then rj lands on Z^''{V) fl IT by the projection to X. Hence the 
irreducible component of \V\ fl {W x A™ x F) represented by ry has dimension 

< dim(^^*(T) n W) + i. 

By ([7]) this is 

< dim(lT X A"* x F) — r + e(lT). 

Therefore we have V € z^{X x A™|X x D,n)wxA^,e- □ 

We are going to prove Theorem 13.221 by showing the complex 
z’^(XxA"»|XxF,.)wxA^,e 

Z^{X X A"*|X X D,»)wxA^,e-l 

is acyclic for any W and e. Here the function e — 1: W —> N is defined by (e — 
1)(W) = max{0, eiW) — 1}. Take any finitely generated subcomplex 
of it and fix a finite generating set; we may assume the generating set consists 
of prime cycles by enlarging a little. We can make general position 

arguments appearing below work for all of these generators simultaneously. 

Suppose given a prime cycle V € z’'(X x A^jX x F,n) on X x A™ x 
and suppose it is an irreducible component of a closed subset of type 

X xT 

where T is an irreducible closed subset of A'” x (In this case T necessarily 
meets faces of properly.) Then the cycle V belongs to z'^{XxA'^\XxD, n)w, 
because for any W GW and F C □" we have 

dim(T n (IT X A™ X F)) < dim(IT x ((A™ x F) n T)) 

< dim(IT X A™ x F) — r 

Therefore we may assume our generating set doesn’t include this kind of cycles. 
Now take a cycle V from our generating set. 

Claim 3.24. For a general L G Ux, we have 

pIplW -VG z^{X X A’"|X X F,n)wxA-.e-i. 
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Proof of Claim. Note that by Lemma l3.18l and the assumption we’ve just made, 
the support oip'fpL*V—V is for a general L. So for proving the assertion, 

according to Lemma 13.231 we have to show 

e{Zp\L+\V\y, W) < dim(N x A™) + dimF + (e - 1){W) 

- {dim Z^\L+\V\)'' + r + i) (8) 

for all i > 0, faces F,W and components v, where we have taken irreducible 
decomposition 

Zf{L+\V\) = [jzf{L+\V\Y. 

V 

Take any i,F,W,v. First suppose Zp^{L^\V\Y is dense in X\ then the left 
hand side is 0 and there is nothing to prove. 

So let us assume Zp'^{L^\V\Y is not dense in X. Since pl is finite, Zp^{V) 
is not dense either. By V € z'^{X x A™|N x D,n)wxA"*,e and Lemma [3.231 we 
have 

e{Zf{VY.W) < dim(A: x A™) + dimF + e{W) 

— (dimZ^*(F)'' +r + i) 

for any irreducible component p of Zp^{V). By Chow’s moving lemma 13.151 we 
have 

e{L+{Z^\VY),W) < dim{X x A"*) + dimF + (e - 1){W) 

— {dim Zp^{VY + r + i). 

By Lemma [3.201 and Remark 13.211 we know Zp'‘{L'^\V\) C L^{Zp''{y)) and it 
is a dense inclusion. Therefore for any component v of Zp^{L^\V\), there is a 
component p of L'^{Zp'’{V)) containing it and sharing the generic point. Thus 
the previous inequality implies: 

e{{Zf{L+\V\Y),W) <dim(N X A™)+dimF + (e-l)(VF) 

- {dim Zf {L+\V\Y +r + i). 

By Lemma 13.231 it says pf^PLV — V belongs to the smaller subgroup: 

pI^PlV -VG zYX X A™|N X D, n)wxA-.e-i. 

This proves Claim ITMI □ 

Using Lemma l3.91 choosing L generally, we may assume pl{W) are different 
subsets of A'^ for different W G W. Then the definitions 

p^W = {p{W) C A'^IIU G W} 
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(a set of irreducible constructible subsets of A'^) and 
p*e: p»>V N; p{W) i->- e{W) 

make sense. 

By Claim [3211 we have a diagram 

r/ y PL* Z^{A‘^ X X D)p,WxA'^ ,p*e 

z [•)e/e-l ^ ^r(Ad X A™|Arf X AI)p.WxA™.p.e-l 

^ Z^(X X A™|X X D, •)wxA™.e-l ' 

Since the middle term is acyclic by Theorem 13.71 the composite p\pl* induces 
the zero map on homology. Also by Claim IXMl the cycle p*i^Pl*V — is zero as 
an element of the last term. 

Therefore the map 


inch = pIpl* - [PlPl* - inch]: 

r( y . z'^jX xA^\X XD,»)wxArr^,e , . 

z [•)e/e-l ^r^XxA--\XxD,,)wxA’n,e-l 

induces the zero map on homology. Since this holds for any finitely generated 
subcomplex of the right hand side, the right hand side is acyclic. 

This completes the proof of Theorem 13.221 □ 

3.4 Functoriality 

Let D C A™ be an effective Cartier divisor. Let /: A — >■ T be a map from an 
equidimensional algebraic scheme over fc to a smooth affine equidimensional k- 
scheme. Let Z-'^{f) C T be the constructible subset consisting of points where 
the fiber of / has dimension > i. 

Suppose given V € x A"*|T x D,n) and let us consider if we can define 
a cycle f*V € Y'(X x A"*|A x D,n). (By abuse of notation we wrote / for 

/ X idA-xD" : A X A"* X ^ T X A"* X □".) 

First we’d like to have codim^ xa^xD" (/ ^(I^D) > to have a well-defined 
cycle f*V on A X A'" x Furthermore the cycle f*V has to satisfy the face 
condition. The modulus condition will be automatically true. 

The first and the face conditions are summarized as follows: for any face F 
of we have 

codimA:xA™xF(/”^(|l^| F)) > r. 

This is equivalent to: 

dim(|F| XyxD" {Z-\f) xF)) + i< dim(A x A™ x F) - r 

for alH > 0 and F. If = UvZ-'^{fY is the irreducible decomposition, it 

can be written, using excess of intersections of subsets: 

e{\V\,Z^^f) X A"* X F) < dim A - dim{Z^\fy) - i. 
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So, if we set W := and define a function e by: 

e: W ^ N; dimX - dim(Z^*(/)'^) - i, 

the condition is equivalent to 

X A'^iy xZ?,n)wxA™.e. 

Therefore the pull-back operation /* is well-defined on this complex. By The¬ 
orem [2211 our subcomplex 

z^{Y X A’"|y X D, •)wxA-,e c z^{Y X A"*!!" X D ,.) 

is quasi-isomorphic to the whole. 

Thus we have proven: 

Theorem 3.25. Let D C A™ be an effective Cartier divisor and let f: X ^ Y 
be a map from an equidimensional algebraic scheme over k to a smooth affine 
equidimensional k-scheme. 

Then there is a pull-back map in the derived category of complexes of abelian 
groups: 

f *: X A^lr X £), •) ^ z'^iX x hr\X X £), •). 


4 Theorem for higher Chow groups with modu¬ 
lus 

In this section we prove Theorem 11.21 The basic strategy is the same as in 
i}21 In this case the technique of linear projection to the affine space causes a 
new trouble; for an affine equidimensional scheme X equipped with an effective 
Cartier divisor D, there might be no finite surjective map X —> A'^ such that 
the divisor D is the pull-back of some divisor on A'^. Fortunately, it turns out 
that such maps can be canstructed after Ninevich localization 11 14.21) . That is 
why Theorem 11.21 involves Nisnevich topology. 

4.1 The case of afRne spaces over a discrete valuation ring 

Let i? be a discrete valuation ring over k and u be a uniformizer. Denote by K 
the fraction field of R. Denote by k = R/{u) the residue field of R. 

Theorem 4.1. Let D = Aj? = ( u) he the divisor on = Spec(i?[a;i,.. .,Xd]) 
defined by u. Let W be a finite set of irreducible constructible subsets ofk% = 
D and e: W —>■ N be a map of sets. Then the inclusion of complexes 

zffAj,\D,,)w,eCz^{Aj,\D,.) 


is a quasi-isomorphism. 

Section 14.11 is devoted to the proof of Theorem 14.11 though it is similar to 
that of Theorem 13.71 
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4.1.1 

Let V € z’'(A^|il,n) be a prime cycle. Let V be its closure in x (P^)". We 
are defining an integer s(y) > 1. 

For a partition {1,..., n} = lUJ, we had defined open sets Ujj = Spec(fc[ 2 i, 
of (P^)". Choose a finite set of generators of the ideal of Vred C A^ X Uij: 

€ R[x,Zi,Cj]}^ 

Since V satisfies the modulus condition, we can apply Lemma 13.11 to get a 
homogeneous polynomial (in a, /3) 

Eij{a,l3) e R[x, ZiXj][a, P] 


monic in a, satisfying 


Eij{Cj,u)€j2fuR[^,ZiXi]- ( 10 ) 

A 

By multiplying Ejj by a power of a, we may assume 

deg Eij > deg fjj 

where the first deg is the homogeneous degree of Ejj and the second is the total 
degree of fjj with respect to x. Furthermore, we may assume deg Ejj are the 
same for all partition /, J. Under these choices we set s(U) := degEjj. 

For an element V € z^{Aj^\D,n), choose a representative and put 

s(U) := max^{s(V),)}. 

Remark 4.2. Our definition is almost the same as >13.1.11 but be aware that u 
is a scalar now, not a polynomial. 

4.1.2 Construction of homotopy 

Let R'/R be a faithfully flat extension of discrete valuation rings and a vector 
V SA^ {R'). Let s > 1 be an integer. 

Define a morphism 

p = ■■ X X A^ ^ A^ X 


by 


{x, z, t) n- (a; + tu^^v, z). 


Given an element V € z^iAf, ID, n), we can define a cyclep*(U) on A^,xn"xAi 

(= A^, X □"+!). 

Proposition 4.3. Suppose given a V e zAAil D,n) and define s(U) > 1 by 
the procedure in >14.1.11 Consider the cycle p* s(U) on A^, x If we have 

s > s(U), then p* g{V) satisfies the modulus condition for any v. 
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Proof. The modulus condition can be checked after restricting p*{V) C A^, x 
(pi)"+i to the regions over the open subsets 


(Pi)" X and Uij x Spec(i?[T]) of (P^)”+ft 

On (P^)” X A^ it is v ery easy. Let us consider Uij x Spec(i?'[T]). In this 
region the ideal of p*{V) contains functions 

Pu = T’^‘'^^"{x + {l/T)u'‘v,Zi,Cj) e R'[x,Zi,Cj,T]. 

It has the form 

Pu = Zi, Cj) + u^g 

for some g € R'[x,Zi, (j,T]. Write the relation (ITOl) explicitly as 

A/j(Cj,w) = '^hx{x,ZiXj)fh{x,ZiXj)- 

A 

From these two equations we get 

'^TS^V)-<^^SflJbx(pij =T''^^'>Eij{Cj,u)+u''g2{x,Zi,Q,T) (II) 

A 

for some polynomial 32 - 

Suppose Eij{a,l3) has the form 

Ejj = ■■■ + 

Then we put 

Ejj := H-h 

which belongs to z,, Cj, T][a, /?] by s > s(y). Then the equation (fTTl) reads 

Eij{tO,u) €^PijR'[x,Zi,Cj,T]. 

X 

By Lemma l3.II this shows the inequality of Cartier divisors 

holds on the region over Uij x Spec(i?'[T]). Thus Proposition 14.31 has been 
proved. □ 
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4.1.3 Proper intersection 


Here in ti4.1.3l we specify our choice of v. Let Rgen be the local ring of at the 
generic point of A^. Its fraction field is ATgen := K{xi, ■ ■ ■ ,Xd) and its residue 
field is K.{xi,... ,Xd)- Let v = Vgg^ S A'^(i?gen) be the vector corresponding to 
the inclusion Spec(i?gen) ^ K- 

Lemma 4.4. LetyV be a finite set of irreducible constructible subsets ofAj^\D 
and e: W —>■ N &e a map of sets. Suppose v = Vgg^. Then for any s > 1 and 
for any V € z’-(A^| D,n) we have: 

(1) The cycle on X meets every face o/n”+^ properly. 

(2) The cycle p*{y)\t=i on A^^^^ x □" meets x F properly for every 

irreducible constructible set W of A% (t.e. defined over K) and face F of 

(3) IfV £ 2;’'(A^|D, n)w,e, the cycle p*{V) meets Wk^^^^xF with excess < e{W) 
for every W €W and every face F ofDT'^^. 

Proof. The assertion (1) is a special case of (3). We will prove (2) first. 

The cycle p*{V)\t=i n (VTxgen x F) equals to 

{V-u^v)n{WK,^^xF). 

After translated by the automorphism +u^v of X F, it looks like 

V/fgen n ((W + u^v) XF)C Ai^^^ X F. 

We can apply the following lemma to: 

A = W X F C X = Aj^ X F, 

B = V xar^ F CX. 

Lemma 4.5 f [Blo[ Lem.1.1]). Let X be a scheme of finite type over a field k 
and G a connected algebraic k-group acting on X. Let A, B G X be two closed 
subsets, and assume the fibers of the map 

G X A —^ X(^g, n) i —y g ■ a 

all have the same dimension, and that this map is dominant. Then there exists 
an open set 9 U C G such that for g € U the intersection g{A) DB is proper. 

This completes the proof of (2). 

We prove (3). Let A be a face of 0”+^. If F is contained in x {0,1}, then 
the assertion follows respectively from the assumption V G {Aj^\D,n)w,e and 
from (2). So assume F has the form F = A' x D^. Embed p*{V) fl {WKg,,„ x A) 
into X A' X A^ by the inclusion 

P*{V) n xF)^ X A' X Qi 
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followed by the isomorphism 

Ai X A' X ^ Ai X F' X A^ 

-''^gen -‘‘^gen 

{x, Z, t) 1 -^ {x + tu^v, z,tu^). 

Its fiber over a € Ab looks like 

^gen 

V n {{W + av) X F') inXxF' 

(of course, everything base-changed to the residue field of a). We apply Lemma 
13.51 to our situation: 

A:=W X F' X X ■=A%xF' X A^ 


embedded by the above map, 

B := {V xnn A') X A^ C A, 

^i-ge„ X F' X A^ ^ A^^^J {x, z, a) ^ av, 

U = {a^O} C X. 

then we find that the intersection x F) in □"'+^ is proper 

away from the closed subset {t = 0}. The dimensions of components contained 
in this closed subset is bounded by the fact that we originally started with 
V € z^{Aj^\D,n)y\;^e- This completes the proof. □ 

4.1.4 

By Proposition 14.31 and Lemma 2^ the canonical map 

z’-(A^|F,*)w ^ 

induces the zero map on homology. But by a standard specialization argument 
(Remark I2.10|) it should induce an injective map on homology. Therefore we 
conclude the hrst complex is acyclic. Thus we have shown Theorem 14.II 

4.2 Noether’s normalization theorem over a Dedekind base 

Noether’s normalization theorem asserts that a d-dimensional integral affine 
scheme of finite type over a field k admits a finite map to the d-dimensional affine 
space A^. This theorem is often convenient to reduce a problem on an affine 
scheme to the case of affine spaces. In this section we show that this statement 
holds over the spectrum of a Dedekind domain, locally in the Nisnevich topology. 
Namely, we prove the following variant of |Lev21 10.2.2] customized for our use. 
The proof is similar to that in loc. cit. 
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Theorem 4.6. Let B be the spectrum of a Dedekind ring and ip: X ^ B be a B- 
scheme of finite type and equi-dimensional with d-dimensional fibers. Letxo £ X 
and bo = <p{xo) £ B. Suppose the residue field at bo is infinite. Then there are 
affine Nisnevich neighborhoods (Y^yo) —>■ (X,ccq) and [B' , 6 '^) —>■ {B,bo) and a 
commutative diagram: 

{Y,yo) --(X,a:o) 

(S', 6')- ^{B,bo) 

such that the following holds: there is a closed embedding Y ^ A^, such that 
if we denote by Y the closure ofY in P^/, then Y is fiberwise dense in Y over 
B', i.e. for any b' £ B' the open subset Yv CYf is dense. 

A Nisnevich neighborhood of a point s £ S' on a scheme refers to an etale 
S-scheme equipped with a point having the same residue field as that of s. 

Corollary 4.7. Keep the notation from Theorem 14.61 Then after a further 
(Zariski) localization of B', there is a finite surjective B'-morphism Y —>■ K'- 

Proof. By the conclusion of Theorem 14.61 the closed subset Y n of 
is equidimensional over B' with {d — l)-dimensional fibers. Therefore after 
localizing B', there is a linear subspace Lb' of (relatively over B') having 

codimension d which misses Y fl ■ Then the linear projection from Lb' 
restricts to a finite surjective map Y —s- . □ 

Proof of Theorem 14.61 We may assume X is embedded into a projective space 
P^ as a locally closed subscheme and take the closure X C P^ . Note since B is 
the spectrum of a Dedekind ring X is still equi-dimensional with d-dimensional 
fibers. Take a codimension d linear subspace Lb C Pg relative to i?, meeting 
X fiberwise properly (i.e. the intersection Lb H Af is finite over B), and missing 
xq. For this we may have to shrink B. By “shrink” we will always mean to take 
an open neighborhood of a marked point. Shrinking X if necessary, we may 
assume Lb does not meet X. Let P;^ be the blow-up of P^ hy Lb- Denote by 
X the strict transform of X. Linear projection from Lb gives the diagram: 



md—1 
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Write T = and set to = p{xo) G T. The map Px' X T is equi- 

dimensional with 1-dimensional fibers. 

Choose any projective embedding X ^ P;J( and take a hypersurface Htg of 
P^' such that: 

(i) [In case xq is a closed point in p~^(p(a:o))] ffto passes a:o; 

(ii) Write Xtg = X Xt to- Then Xtg and Htg meet properly in P^'. 

(iii) Denote by {Xtg)~ the closure of Xtg = X Xpd-i to in Xtg. Then we have 


Htg {Xtg) C Xtg. 


[Indeed, a general hypersurface of some high degree satisfying (0 satisfies 
([nl) (Iin|). We used the assumption that the residue field is infinite.] 

Shrinking T if necessary, there exists a hypersurface Ht of P^ relative to 
T which specializes to Htg at to- We replace X with the restriction X Xpd-i T. 
Condition ([n]) holds with to replaced by t G T if we shrink T further, since 
Ht n X is proper over T. 

Set D = Ht H X. It is an effective divisor on X and the morphism D ^ T 
is finite, by ©• 

We let T vary among affine Nisnevich neighborhoods of (P^ ^,to) towards 
the henselian local scheme and replace X by its base change; then D C X 
becomes a direct sum of (eventually) local components finite over T. Let V be 
the sum of those components meeting Xtg. Shrinking T if necessary, we may 
assume V is contained in X by the properness. 



Lemma 4.8. For any sujficiently large m > 0, the map 

r{X, OximV)) ^ r(D, 0-D{mV)) ^ T{V, Ov) 


is surjective. 

Proof. Let s G H'^{X, Oxi'D)) be the canonical section (i.e. the one correspond¬ 
ing to the inclusion C Ox{T>)). We have exact sequences 

0 Ox{{m - 1)V) ^ OximV) Ox{mV) (8>o^ O-d ^ Q 
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which yield the long exact sequences 

H°{V,Ov{mV)) 

H^{X,Ox{{m - 1)V)) H^{X,OjilmV)) H\V,Ov(mV)) = 0. 

The last vanishing is because V is affine. Write T = Spec(^). Since H^{X, Oj^{m'D)) 
are Noetherian A-modules, the series of surjections 

H^{X, Oxiim - 1)V)) H\X, Ox{mV)) ^ • 

eventually stabilizes. Then H^{X,Oj^{m'D)) —>■ H^(T>,OT>iniD)) becomes sur¬ 
jective. This proves Lemma IT51 □ 

Thus we take an m sufficiently large so that Oj^{raT>) is generated by the 
canonical section sq and another section si (which maps to an invertible element 
oiT{'D,OT>{m'D)) = r(X>, O-p)). The pair (so,Si) defines a morphism 

/: 

As D is very ample on {Xtg)~ by condition (lull) on Htg, f is quasi-finite on Xt^; 
replacing X by an open subset containing Xtg , we may assume / is quasi-finite 
on X because the quasi-finite locus of a morphism is open |EGA IV 3 I 13.1.4]. 

Shrinking T further, we may continue assuming (D C X, equivalently (X \ 

X) n = 0. Thus W := /(X \ X) C P^ is contained in the open subset 
Pp \ {so = 0} = Ap. Moreover W is proper over T. Therefore W is finite over 
T. 

The morphism 

—)• Pp \ W 

is finite because it is proper and / is quasi-finite on X (here, needless to say, 

C X). We write X' := X\f~^(W). Note that xq G X' by condition 

([U on Htg. 

Now, by induction on the relative dimension d of X over B, we may assume 
T has a projective compactification T such that T C T is fiberwise dense over 
B after possibly Nisnevich-localizing B and T. 

Since /: X —>■ P^ is projective it factors as the composite X ^ xpP^ —>■ 

Pp of a closed immersion and the projection. 

X'C- e -^ X. X' 

n n ; 

P^ XT (PT\M^)^e^]PT xrPr^e^P^ x^PA 


-e- 


B 


39 














Let X' be the closure of X in Xy P^. Take the Stein factorization 
[EGA Ill'll §4-3] of the proper morphism /': X' —> PL to get 

X' ^ P^. 

finite ^ 

Since /' is already finite over the open subset Py \ IE of PL we have a 
canonical isomorphism Y Xp^P^ \ IE = X'. 

^ Y finite ^ 

u □ u 

X' PL \ tE 

Now we check that the open immersion X' C E is fiberwise dense over B. 
Take any point b G B and any irreducible component P of Et,. We have to show 
P n Xj is nonempty. 

First consider the fiber above a generic point ^ of B. Then X^ C Ej is 
dense because X' C E is dense by construction. Moreover since X^ is purely 
d-dimensional it follows by the semi-continuity theorem of Chevalley 12.21 that 
any irreducible component of the fibers of E ^ P has dimension > d. 

Back to the general case, since the composite 

P^Yb^ pL 

is finite and the last scheme has pure dimension d by the induction hypothesis, 
P must have dimension exactly d, and it dominates an irreducible component 
of PL . Note that PL \ W, is a dense open subset of PL because Tb C Tb is 
a dense open subset by induction, and IE is finite over T. Therefore it follows 
that P Xpy Py \ Wb = P n X^ is nonempty. Therefore X' C E is fiberwise 

'^b ^ 

dense. 

Choose any closed embedding E ^ P^. Then since X' C E is fiberwise 
dense, there exists a hypersurface H of P^ relative to B which contains the 
closed set E \ X', misses xq G X', and meets E fiberwise properly, at least 
after shrinking B. By composing the projective embedding with the m-fold 
Veronese embedding where m is the degree of H relative to P, we may think 
P is a hyperplane. By linear automorphism of P^ we can take H = P^jj, the 
hyperplane at the infinity. Then the neighborhood Y = X' \ P^^ C of xq 
makes our assertion true. This completes the proof. □ 

4.3 Choosing a good defining equation 

Proposition 4.9. Let X he a finite-type scheme over an infinite field k, x & X 
be a point, and U he an open subset of X which is smooth over k. Then there 
is an open neighborhood V of x in X and a morphism v: V —>■ Gm which is 
smooth on V Cl U . 
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Proof. We may assume a; is a closed point. If a; € 17, the statement is plainly 
true. Let us suppose to the contrary. We may assume X has a locally closed 
embedding X ^ P^. 

Fix a degree n and consider the scheme P = P(r(P'^, 0{n))) parametrizing 
the hypersurfaces in P^ of degree n. There is a linear closed subset Q oi P 
consisting of hypersurfaces containing x. By |AK[ Th.l], if n is large enough, 
there is a dense open subset P° of P meeting Q, consisting of hypersurfaces 
transversal to U. 

Take a rational curve I inside P° which meets Q but not contained in Q. 
It defines a pencil — an open set X° C X and a morphism v. X° —>■ /. Its 
axis does not contain the point x. Since I is contained in P° the morphism 
V: X° —/ restricted to 17 fl X° is smooth because it has smooth fibers and is 
flat (being a map to a Dedekind scheme). 

Our assertion now follows after setting a coordinate on I and shrinking X° 
if necessary so that v becomes a map into Gm- D 

4.3.1 

Assume k be an infinite field. Suppose given a fc-scheme X of finite type and 
an effective principal Cartier divisor D on it; it is defined by a function u on X. 
Assume X \ D is smooth over k. Let a; S 7? be a point and {x'^i C X \ D he 
finitely many points generalizing x. 

Proposition 4.10. Keep the notation and assumptions m 14. 3. 11 Then we can 
replace X with an open neighborhood of x and replace the defining equation u 
of D so that the morphism u \ X ^ is smooth at each x\. 

Proof. By ProDOsition l4.9l we may assume there is an invertible function v: X ^ 
Gm which is a smooth morphism on A\77. Given a scalar a G k, we may assume 
u + a is also an invertible function (unless a = v{x)) by shrinking X. Consider 
the function {v + a)u: A —> A^. Let us see its differential at x'p. 

d[{v + a)u\{x[) = dv{x[) • u{x[) + {v{x[) + a)du{xf). 

The first term has a nonzero value in the cotangent space Tf.,X because of the 
smoothness of u on A \ 77. Hence the whole formula has a nonzero value in 
T*,X (for each i simultaneously) for all but finitely many a G k. Choosing a 
away from such a finite subset, we take {v + a)u as the new defining equation 
of 77. This proves our assertion. □ 

4.4 Statement of the general case 

We are proving the following: 

Theorem 4.11. Let (A, 77) be a pair of an equi-dimensional scheme over a 
base field k and an effective Cartier divisor on it, W be a finite collection of 
constructible irreducible subsets of X \ D and e: W —>■ Z>o be a map of sets. 
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Assume X \ D is smooth over k. Then for any integer r > 0 the inclusion of 
complexes of Nisnevich sheaves 

•)w;,e,Nis ^ •)Nis 

is a quasi-isomorphism. 

Below, pull-backs of the divisor D to other schemes will be denoted by the 
same letter. By a trace argument we may assume k is an infinite field. 


4.4.1 


We are going to prove that for any W, e the quotient complex 

Z'^{X\D, •)vy,e_i 

is acyclic locally in the Nisnevich topology, i.e. for any point x G X, the map 

Z^{X\D,,)w.e . ,. Z^iX'\D,,)w,e 

——I-^^ lirn. ^- 

Z^{X\D, •)w,e-l x^X •)w.e-l 


is zero on homology, where X' —^ X runs through Nisnevich neighborhoods of 

X. 

Take any finitely generated subcomplex •)^ ^ ofz^{X\D, •)w,e- Let 

{La}A be the finite set of prime cycles that appear as components of elements 
of ^{X\D, •)'. Let g(X|D, •)'/ ^ be the quotient such that an injection 


z^{x\D,,y^j 


Z^{X\D,»)w,e 

z'^{X\D,u)w,e-l 


is induced. It suffices to find a Nisnevich neighborhood X' of x such that the 
induced map 


z^{x\D,.y^j 


Z-{X'\D,»)w,e 

Z-iX'\D,,)w.e-l 


is zero on homology. 

By the limit argument ICorollarv 12.8p . we are allowed to take X' to be a 
limit of Nisnevich neighborhoods. 


Definition 4.12. For a closed subset of X x an integer * > 0 and a face 
F" C denote by the closed subset of V consisting of points y such that, 
denoting x := Wiiv) G one has 


dimy ({x} Xx xV x^n F) > i. 

By the semi-continuity theorem on fiber dimensions iLemma I2.2I = |EGA IVsl 
(13.1.3)]), it is a closed subset oiV x^n F. 

Put Zp^iy) := prj(t/^*) C X. It equals the set of points x G X where 

dim ({a:} Xx xV x^n F) > i. 


It is a constructible subset of X. 
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Let Zf'^iy) = be the irreducible decomposition. The next has 

been essentially proved in Lemma 13.231 

Lemma 4.13. Suppose given V G z’'(X|H,n). It belongs to n)w,e if 

and only if 

e{Zp^\VY,W) < dimX + dimF + e{W) - (dim Zf{VY + r + i) 
for all components /i, i > 0, IT £ W and faces F C 

4.4.2 

Since our assertion is local, we may assume the divisor D is defined by a function 
u on X. By Proposition 14.101 we may assume u: X ^ is smooth at finitely 
many chosen points on X\D; we choose those points so that the general position 
arguments (using the results from 113.21) appearing below are all valid. 

Let be the henselization of at 0. Let us denote the base change of 
u: X ^ with —>■ by the same letter u: X' ^ B^. 

By Theorem 14.61 after Nisnevich localizing X' we can choose a closed em¬ 
bedding 

X' A%n 

such that if we denote by X'^^ C its closure and P^gl = P^h \ A^^, the 
set X'^ n P^^i has pure relative dimension (dimX — 2) over B^. (Without 
knowing Theorme 14.61 the special fiber of X''^ D P^^i might have dimension 
> dim AT — 1.) This will be used to ensure the set Ux' which we now introduce 
has a nonempty special fiber. 

Let Gr(iV-dimX,P^-i) be the Grassmannian variety parametrizing linear 
subspaces of P^^i of relative dimension (TV — dim AT) over B^ (= codimension 
(dimAT — 1)). A morphism L: B' ^ Gt{N — dimA,P^“],) from a scheme B' 
determines a linear map A;^, -G- up to linear automorphism on the 

target. 

Let Ux' be the open subset of Gr(A^ —dimX, P^“i) consisting of L’s which 
miss X'^ n P^^i ■ By our choice of the affine embedding X' C A^^ it has a 
nonempty special fiber. A section L: B^ —?► Ux' defines a linear map which 
restricts to a finite surjective map pL- X' ^ It is also flat on the 

Gohen-Macaulay locus of X' |EGA IV^ (6.1.5)]. 

By the flatness (on X' \ D) and the finiteness of pL and the fact that it is a 
i?^-morphism we have push-forward and pull-back maps of cycles with modulus 
(where tt denotes a uniformizer of 

PL. : zYX'\D, .) ^ z’'(A^T^-'|(7r), .): pY 

4.5 The proof of the general case 

Keep the notation in 114.41 Denote by the function field of B^. We will 
apply Chow’s moving lemma 43.2.61 for the scheme X^h = X' \D over of 
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dimension d = dimX — 1. We will choose a section L: —>■ Ux' C Gi{N — 

dim X, ) sufficiently generally so that in particular we will be able to use 
the facts recalled in H3.2I When we say some property holds for a sufficiently 
general L, we will mean there is a dense open subset of Ux' such that 

if A x^h (g Ux'{K^)) belongs to it, the property holds. (We shall always 
deal with properties depending only on A x^h .) 

For a function e: W —>• N, we define a new function e — 1 by (e — 1)(VF) = 
max{0, e{W) — 1}. 

Claim 4.14. In this setting, if A is sufficiently general, p*tPl*V — V belongs to 

Proof. Let V G {Va}a- The case where the generic point of F is a generic 
point of the projection pr 2 : X x □" is exceptionally easy and we omit 

it.Otherwise, for a sufficiently general A the support of p\pl*V — F is L^V by 
Lemma 13.181 By Lemma 13.231 we have to show the inequality 

e{Z^'^(yY ,W) < dim A + dimF + e{W) — (dim Zp'‘{VY + r + i) 

for all p, F, i, W. 

Suppose Zp'^{L'^V) is dense in X. Then the inequality automatically holds 
using the fact that p*i^pL*V meets faces properly. Otherwise, choosing A suffi¬ 
ciently general, we deduce for each i a dense inclusion 

Z{L+V)f C A+ (z{V)f) . (13) 

Let Z{L'^V)p^ = Ui/2'(A+y)^*’‘" be the irreducible decomposition. 

Now since V G z'’(Ar|A), n)yv,e we know for any face F of □” and i and p: 

^ dimX -I- dim A -|- e(W) — (dim -I- r -|- f) 
by Lemma [3.231 By Chow’s Moving Lemma [3.151 we have 
e(A+(z|*’''), W) < dimX -k dimF -k (e - 1){W) - (dim A+(z|*’'') + r + i) 

By the knowledge of the inclusion (fT51) . something similar holds for Z(A+C)^*, 

i.e. 

e{Z{L+V)f’'' ,W) < dimX + dimF+{e-l){W) - {dim Z{L+V)f’'' + r + i) 

for any i/. Therefore it follows that p\pl*V—V belongs to Y{X'\D, n)vy_e-i • □ 

By Claim l4T4l it also follows that p'fpL*V G z^{X'\D,n)w^e- If V hap¬ 
pens to be in the smaller subgroup z^{X\D,n)w^e-i, we have more strongly 
P*lPl*V G z'^{X'\D,n)w,e-i- 

We may assume our A moreover satisfies: 
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• No two subsets pl{W) C ^ {W S W) are the same; in particular 

the map 

pW := {pL(bb)}vi/6w ^ 2;>o 

Pl{W) !->■ e(Vb) 

is well-defined, which we denote by pe. 

Then it follows that pl*V € n)pw,pe by the projection formula 

(of subsets): 

\pl*v\ ripLiW) = pl{\p*lpl*v\ n w). 

liV happens to e 2 :’’(X|Z), n)w^e_i, then pl*V e 2:’’(A^™^“^|(7r), n)pvv,pe-i- 
Therefore we have maps of complexes: 


Z^[X\D,.)'y,J 


2:’'(AgT^"^|(7r),*)pW.pe-l 


Consider the equality of operations (where the map can. is the canonical map) 


can. = pIpl* - [pIpl* - can.]: •)'/ - 


z’-(X'|A»)w.e 

z’'(X'|Z?,.)w.e-i' 


The first term p'^pL* is zero on homology because it factors through an acyclic 
complex (Theorem |4T]). The second term [p}^PL* — can.] is zero by Claim |4T4l 
Therefore the operator can. is also zero on homology. This completes the proof 
lrecall lT4.1|) . 


4.6 Functoriality 

Suppose given pairs {X,D), {Y,E) of equidimensional algebraic fc-schemes and 
effective Cartier divisors, and a fc-morphism f: X ^ Y inducing a morphism 
D ^ E. Let V G z^(Y\E,n) and consider if a pulled-back cycle f*V in 
Y{X\D,n) is defined via the construction in Definition 12.11 

First, the closed subset (/xidnr.)“^(|D|) of XxD” have to have codimension 
> r. 

Set Z-^{f) C y \ A to be the constructible subset consisting of points 
where the fibers of / have dimension > i, and let Z-'^{f) = Uf^Z-'^^f)^ be the 
irreducible decomposition. Then the previous condition is equivalent to 

dim(|F| n {Z^\E) x □’")) -h i < dim(A: x □”) - r 


for all* > 0. 

Furthermore, the pulled-back cycle (/ x idon)*!/ on X x □” has to meet 
faces of □” properly. This is equivalent to 

dim(|y| n {Z-'^{F) X E)) + i < dim(X x E) — r (14) 

for all faces F of (The cycle (/ x id)*y satisfies the modulus condition 
automatically from the fact that / restricts to a morphism D —> E.) 
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The condition (ITTl) can be stated equivalently as follows: 
codimz>iif).xF{\V\ n iZ^\fr xF))>r- (dimX - dimZ^\fr - i)- 
Therefore if we put 

w = {z^\frh,^, 

a finite set of irreducible constructible subsets of Y and set a function on W as 
e(^>*(/)M) = dimX - diinZ^X/)^ - i (> 0), 
then our condition is equivalent to 

V €fiY\E,n)w,e- 

So we have a diagram of complexes 

z^Y\E, .) D z^Y\E, .)w.e A z^iX\D, .) 
which extends to a diagram of sheaves 

Z^iY\E, .)Nis D z^{Y\E, .)w.e.Nis A f,Z^{X\D, .)Nis 
on Y (equivalently, a diagram 

f-h^{Y\E, .)Nis 3 r^z^iY\E, •)w,e,ms A z^{X\D, .)Nis 

on X). By Theorem 14.111 the left two complexes are quasi-isomorphic in the 
Nisnevich topology. Thus we have shown: 

Theorem 4.15. Suppose given pairs {X, D), (Y, E) of equidimensional algebraic 
k-schemes and effective Cartier divisors, and a k-morphism f:X^Y inducing 
a morphism D ^ E. 

Then there is a natural pull-back map 

f-h^{Y\E,,)^i, A z^{X\D,,)ms 

in the derived category of complexes of Nisnevich sheaves on X. 

Therefore we have the contravariance of the motivic cohomology groups 

Using this we can deduce a product structure on them: 

Lemma 4.16. For any pairs (X,D), {Y,E) of equidimensional k-schemes and 
effective Cartier divisors, there are obvious external product maps 

K: z^X\D,m) x z^(Y\E,n) ^ zf+^{X x Y\{D xY) + iX x E),m + n) 

{V, W) !-)• (the cycle associated with) V x W. 
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Proof. It follows directly from the definitions. 


□ 


An appropriate signed sum of the above maps gives a map of complexes 

z^{X\D, •) (g) z-^{Y\E, .) ^ xY\{DxY) + {X x A),*). 

Corollary 4.17. Let X be an equidimensional k-scheme and let D,D' be two 
effective Cartier divisors on X such that X \ (|I1| fl is smooth. Then there 
is a natural intersection product map 

z'^{X\D, .)Nis ® z\X\D', .)Nis ^ z'^+\X\D + D', •)ms 

in the derived category of complexes of Ninevich sheaves on X. 

Proof. We use the previous lemma and the pull-back by the diagonal X ^ 
X X X which exists Nisnevich locally by Theorem 14.151 □ 
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